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Rational Sabotage in Cooperative Production

1. Introduction

Economics is the study of resource allocation under certain constraints. Historically, the
first constraint considered was feasibility, i.e. the consumption of a good can not exceed
its available quantity. As economics developed, other constraints were considered, for
instance Incentive Constraints: Any economic system must not give incentives to agents
to transmit wrong information -adverse selection- or to take socially unwanted actions
-moral hazard.

In this paper we want to broaden the scope of incentive theory by considering sit-
uations in which agents can sabotage production by destroying other people’s inputs.
Thus, the input supplied by an agent reflects her effort and the sabotage done by others
on this agent. We assume that sabotage is undetectable because the effort and the
technology of sabotage are not contractible. On the contrary, inputs are contractible.
Traditionally, sabotage has been associated with capitalism, at least since the days of
the Luddite revolt. In this paper we show that sabotage might arise in the framework
of cooperative production, in which the output is entirely distributed to workers.! An
example of how sabotage may arise as a rational action follows.

Two people are collecting grapes. Andy collects white grapes -whose quantity is
denoted by R;— and Beth collects red grapes, whose quantity is denoted by Rs. These
grapes are transformed into wine -denoted by Y — according to the production function
Y = (Ry + Ry)'/?. The consumption of wine allocated to each worker -C; and Cy
respectively- is determined by the Proportional Sharing Rule, i.e.

R;

== 12 j=1,2.
C7, R1+R2(R1+R2) y L )

"We do not deny that sabotage is, sometimes, an irrational action, taken for revenge, etc. Our

purpose here is to show that even if such feelings do not exist, there is room for sabotage.



For future reference we notice that this sharing rule is meritocratic, in the sense that
it allocates wine depending on relative inputs. Suppose that when the working day is
about to finish, Ry = Rs = 50. Thus, Y = 10, C; = C5 = 5. Now an unexpected event
forces Beth to leave. Choices for Andy are to remain faithfully devoted to his own work,
in which case he would obtain 21 extra units of grape or to destroy the crop assembled
by Beth and pretend that somebody stole it.? In the first case his consumption of wine

-the only thing he cares about- is

71
= (121)Y2 ~ 6, 45.
C1= 57 (121)!2 = 6,45

In the second case, Andy’s consumption of wine is

_ 90 vz
Cr = 25(50)/2 = 7,07.

Therefore, if Andy is rational, he will destroy Beth’s crop. Suppose now that the sharing
rule is Egalitarian, i.e.
(Ry + R2)1/ 2

Ci:72 ,i=1,2.

We notice that this rule is not meritocratic at all, in the sense that it allocates wine
irrespectively of relative inputs. In this case, faithful work yields to Andy C7 = 5.5 and
sabotage C = 3.5, i.e. sabotage is not a rational action.

What is going on in these examples? When an agent decides to sabotage another
agent’s crop, there are two effects. On the one hand, output falls reflecting the decrease
in the quantity of input supplied by both the saboteur and the agent who has been
sabotaged. This is bad from the saboteur’s point of view because there is less to be
distributed. The fall in output depends on the returns embodied in the production
function; the more “curvature” of the production function, the less fall in output. Since

this curvature reflects the degree of congestion we may say that the fall in output

?The fact that Andy’s output is still 50 at the end of the day can be explained by saying that he

spent the remaining labor time chasing the thief.



depends inversely on the degree of congestion. On the other hand, the relative ranking
of the saboteur rises and that is good for him. The importance of the second effect
depends on how meritocratic the sharing rule is; for instance in the egalitarian sharing
rule this effect does not exist. When the rule is meritocratic and there is congestion,
the second effect may dominate and sabotage is a rational action, as in the case of the
proportional sharing rule above. The relationship between congestion, meritocracy and
sabotage will be a central theme throughout our paper.?

The model is presented in Section 2. In order to make the model tractable we make
a number of simplifications. First we assume that the total quantity of labor supplied by
each agent is fixed. Thus, labor can be spent on the production of an intermediate input
(by exerting effort) or on the destruction of the inputs of other agents (sabotage). This
assumption is made in order to focus attention on the choice between productive and
sabotage activities. It is appropriated when length of working time is fixed exogenously
by law, custom, etc. Second, we assume that the production function is symmetric and
the sharing rules satisfy an anonymity condition.

With these assumptions in hand we study the existence and properties of Nash
equilibria. In Section 3 we present a necessary condition for sabotage not to arise in a
Nash equilibrium that says that either the possibilities of destruction are small relative
to the number of agents, or if this is not the case, the degree of meritocracy should
be bounded. This bound depends on the degree of congestion, the number of agents

and the damage caused by sabotage. In contrast, complementarity or substitutability

3 A related example may help to further understand the situation. Suppose that some runners have to
compete in a, say, 1.500 meters run. Runners can devote their energies either to running or to stepping
on other people shoes, i.e. to sabotage other runners. One would expect that, in a given moment of
time, the amount of sabotage depends on how runners are rewarded -the more meritocratic the reward,
the more sabotage- and the degree of congestion i.e. if runners form a compact group or they are

scattered, etc.



among inputs does not have a role here, at least if the production function is of CES
type and sharing rules are suitably parametrized.

In Section 4 we prove that, under some conditions there is a Nash equilibrium with
zero sabotage.! As it happens with the necessary condition, we have two cases. When
the possibilities of destruction are small our conditions are mild and include most shar-
ing rules that have been considered in the literature. Again, complementarity or sub-
stitutability among inputs does not play any role here. However, when the possibilities
of destruction are not small we need an extra condition that is stronger -but it has the
same flavor- than the necessary condition. In this case the relationship among inputs
plays a role. Finally, Section 5 concludes and suggest some possibilities of research.

Let us now comment on other papers dealing with similar issues. In the case of
a capitalistic firm, Lazear (1989) was the first to point out that, in the presence of
sabotage, large differences in salaries become dysfunctional. In his model, agents are
paid according to the position achieved in a contest.” In a model of Rent-Seeking,
Konrad (2000) considered that the effort of an agent reduces rival s performance by
sabotaging her activities. He shows that, in equilibrium, sabotage disappears if the
number of agents is sufficiently large. In all these models agents compete directly so the
existence of sabotage is quite natural. It is not that clear that sabotage may arise in a

model of cooperative production, which is the focus of our analysis.b

*In our model, since labor supply is fixed, zero sabotage implies efficiency. This contrasts with the re-
sults obtained by Holmstrom (1982). There are several differences between our model and Holmstrom'’s,
the most important being that in our model agents produce an intermediate input that is contractible.
As has been shown by Nandeibam (2002) in a model where sabotage is not possible, efficiency might
arise in equilibrium if there are contractible intermediate inputs. Thus, our results and Nandeibam’s

show the importance of contractible intermediate inputs.
When only some aspects of performance are rewarded, other types of dysfunctional behavior are

possible (see Holmstrom and Milgrom (1991)). This literature is surveyed in Gibbons (1998) and

Prendergast (1999).
fTtoh (1991) and Macho-Stadler and Pérez-Castrillo (1993) have analyzed the polar case where co-



Summing up, our paper finds that the possibility of sabotage depends on the fol-
lowing factors: (1) The degree of meritocracy (as in capitalistic firms), (2) the number
of agents (as in rent-seeking contests), (3) the degree of congestion, (4) the relationship
among inputs and (5) the technology of sabotage. Thus, our analysis of the necessary
and sufficient conditions for absence of sabotage produces a picture that is more complex

than the one we had before.

2. The Model

The setting is one of cooperative production, see, e.g., Sen (1986), Fabella (1988) and
Roemer and Silvestre (1993) for examples and applications. There are n agents. The
input provided by agent i is denoted by R; € Ry. Let Y be the total output. The
production function is written ¥ = f(Ry,.., R,), where f : R — R, is C', concave,
strictly increasing in all its arguments and symmetric. Total output is shared among
agents by means of a sharing rule, i.e. a list of functions s; : R} — [0,1},i=1,....,n
such that,

n

> si(R1,.., Ry) =1for all (Ry,.., R,) € R
=1

We will assume that s;( ) is C', non decreasing on R;, si(R1,..,Ry,) > 01if R; > 0, and

that sharing rules are anonymous in the following sense:

{Ri = ..=R,=R}={si(R,..,R)=5s;(R,..,R) and
0si(R,..,R) Os;j(R,...,R) . . .. ., .
—_— = V¥ th .

o S with i £ )
This assumption holds if, for example, s;(R1,..,Ry) = s(Ri, Y p_ 9(Rg)), ie. if the
share of 7 is a function independent of ¢, with arguments the input of ¢ and the sum of a

function of all inputs. An example of a class of sharing rules fulfilling these conditions

operation among agents is possible.



is:
aR; 11—«
) +

> k1 B n

This class of sharing rules is parametrized by «. If & = 0 we get the egalitarian sharing

Si(Rl, ,Rn) = (

),a €[0,1],i=1,...,n. (2.1)

rule and if & = 1, we have the proportional sharing rule. The parameter « is a measure of
how relative effort is valued and thus measures the degree of meritocracy. The interested
reader can find in Moulin (1987) and Pfingsten (1991) other examples of sharing rules
fulfilling our conditions.

Agents care only about their own consumption. As we remarked in the Introduction,
the quantity of labor time is fixed. An agent, say 4, can divide her working time, denoted
by T, between productive labor, denoted by l;-D and sabotage activities. Let [;; be the
quantity of labor allocated by i to sabotage the input of agent j. The time constraint
reads, T = ZZP +>° ki l;;. The input provided by agent 7 depends on her own productive
effort, lf) , and the amount of time devoted by the remaining agents to sabotaging the
input of 4, i.e.

Ry = R(T, iy o i—1yis Uit 1yio ---ni)

where R( ) is a C! function such that

OR > 0 and OR

Given these elements, we describe the sabotage game as follows: for each agent i, a strat-
egy is the time devoted to sabotage activities, i.e. the vector l; = (l;1, li2, li(i—1), li(i41)» lin)-
Time devoted to productive activities is determined by the constraint [’ = T — " joti big-
By I_; we denote the vector (ly,...,1li—1,li+1, .-, ln). For each agent i, given a vector of

strategies (l;,1_;), the payoff function is given by

Wi(li, l_i) = SZ'<R1(Z¢, l_i), ceey Rn(li, l_z))f(Rl (li, l_z’), ceey Rn(li, l_l)) where

R;(li, 1) R(T = Lji, lajy Aoy Lty o), 3 =1,.m.
J#i



A Nash equilibrium of the sabotage game, denoted by NE, is a vector of strategies
(11, ..,1,) such that for all agent i, m;(l;,1—;) > m;(l},1_;) for all I].

We postpone until Section 4 the problem of the existence of a NE. In Section 3
below we concentrate on the implications of guaranteeing that no agent has incentives

to engage in sabotage.

3. A Necessary Condition for No Sabotage

If all working time is devoted to productive activities, (l;,l—;) = (0,0). Define R? =
R;(0,0) for agent j, and let R? denote the vector of inputs evaluated at the point of
zero sabotage, that is, RV = (R(l), ..., R%). If no agent has incentive to sabotage when all

other agents do not sabotage, it must be that Vi, j, %2’0) < 0, where

dm;(0,0) or, 9si(R%) OR;(0,0)  dsi(R°) AR;(0,0)
oy JE oR;  ol;  OR; I )
oy OF(RY) OR;(0,0)  9f(R°) OR;(0,0)

T o oy, om o)

If this requirement is not fulfilled, all NE imply sabotage. Let

AR;(0,0)
8[1;j

" OR;(0,0)
ar

M =

M is a measure of the relative impact of change in inputs induced by an allocation of
labor time of ¢ from productive activities to sabotage activities evaluated at the point
of zero sabotage. Thus, M is a measure of the power of destruction versus production
capabilities. Abusing language, we will say that M is a measure of the possibilities of
destruction. From our assumptions it follows that M > 0. Furthermore, because of our
symmetry assumption on R( ), M is independent of ¢ and j.

0 0
Since the production function f is symmetric, 6](;(1%}3 ) = aj(;(gi ), Using the definition of




M and dividing by f(R"), the necessary condition reads

Js;(RY) ds;(RY) 0w Of(RY) 1
- M- ; M -1)<o0.
OR; or, )R )=0
Differentiating » ;" ; s;(R1, ..., R,) = 1 and using our anonymity assumption,
881'(R0) aSj (RO) 881'(R0)
— (n-1 — (n-1 . Th
OR; =Dk T e
M —n+1) 9s;(R% 1 of(R% 1
< M+1).
s ) TR s S am gy MY
Multiplying by R?, the above inequality implies that
M — 1 (RO 0 0 0
( n+ ))8SZ(R ) R; - Of(R’) R; (M +1). (3.1)

n—1 OR; s;(R%) — OR; f(RY)

Now we have two cases. If M < n — 1, the inequality (3.1) always holds. In words, if

M is small in relationship with the number of agents, the necessary condition always

holds. However, if M >n — 1,

0si(R%) RY < Of(R%) RY ((M+ 1)(n — 1)>
OR; s;(R%) — OR; f(RY) M+1—-n

(3.2)
Summarizing, if zero sabotage is a Nash equilibrium of the sabotage game, then either

1. The possibilities of destruction are small relative to the number of agents, M <

n—1,or

2. M > n — 1. In this case, in the point of zero sabotage, the elasticity of the share
with respect to the input of agent i is bounded by the elasticity of the production
function with respect to the input of agent ¢, multiplied by a certain factor. These
elasticities can be interpreted respectively as the degree of meritocracy -because it
measures how one’s share responds to one’s efforts- and the degree of congestion
-because it measures how output responds to variations in inputs. The factor

depends on the possibilities of destruction and the number of agents (inequality

3.2).



Example 1. Suppose a constant elasticity of substitution production function ¥ =

(Z(Ri)p)% with p < 1 andr < 1, i.e. non increasing returns to scale. Let s;(R1, .., Ry) =

(ZgRiRk + 1770‘) If M > n — 1, the necessary condition for no sabotage reads:
=1

a<lr [M +1 }
- M+1-—n
Notice that the degree of substitutability, p, does not play any role in the above condi-
tion. This equation says that the degree of congestion (%), the number of agents and
the possibilities of destruction determine the upper bound on the degree of meritocracy
(), if sabotage is to be avoided. If this bound is not respected, there is sabotage in all

Nash equilibria.

4. A Sufficient Condition for No Sabotage.

In this section we study under what conditions a Nash equilibrium with no sabotage
exists. To make the problem tractable, we assume that the individual’s input is given
by

Ri(li,1-) =max(T — > Il — K> 1;,0), i € {1,..,n}.
i i
Where the parameter K is a positive constant. Notice that in this case, if agent 7 uses

one unit of labor time to sabotage the input of agent j, he reduces his input in one unit

and the input of agent j in K units. Thus,
OR;(1;,1_3)

ol
—m = K for all (l“l_z)

oir
Let us add the following assumptions:
Al. For all i € {1,..,n}, si(R1,..,Rn) = s(Ri, > p_; Ri).
A2. Let z; = R; and y = ) ;_; Ri. Then %;’y) <0, and az%%f) <0.
Assumption Al says that the share allocated to i depends on the input supplied by

7 and the sum of inputs supplied by all agents. It is a special case of the anonymity

10



assumption introduced in Section 2. The first part of A2 just means that the share
of agent i is decreasing with the input supply by agent j. The second part of A2 says
that the increase of the share with one’s input decreases with total input. This is just a
technical assumption. Assumptions A1 and A2 are satisfied by our example of a sharing
rule (2.1).7

The following Lemma says that under A1 we can restrict our attention to symmetric

best responses.

Lemma 1. Under Assumption Al, if l; = (li1,...,lii—1,lii+1, .-, lin) IS & best response
) - . oL
for agent i tol_; = 0, then l; = (I,...,1) with | = % is also a best response for

agent i tol_; = 0.

Proof. Notice first that if /; is a best response to [_; = 0, then T' — Kl;; > 0 for all
J. Suppose not, that is, suppose that there is an agent j such that 7" — Kl;; < 0. Then
agent ¢ can decrease the time dedicated to sabotaging agent j up to a point such that
T-K lgj = 0. Thus agent ¢ will increase her input without affecting the input of the
other agents, which implies that she will be better off and will contradict that [; is a
best response against {_; = 0.
Since T'— Kl;; > 0 for all j, the total input of all agents but i is: Z#i Ri(l;,l—;) =
(n—=1)T—K >, ;4 lij- Notice also that T'— K1 > 0, otherwise for the agent & such that
lirx. = max; l;;, T'— Kl;;, < 0. Then, the input of all agents but ¢ under ; is Rj(ii, l_;) =
T—Kl and 3, Ri(lil_) = (n—1)T — K(n — 1)l = > jzi Bj(li,1—;). Furthermore,
Ri(l;,1-) = Ri(ii, ;). Since by Al the share of agent ¢ only depends on his input and the

sum of total inputs, s;(l;,[_;) = si(ii, [_;). Finally, notice that for all j # 1, Rj(ii, l_;) =

1

(=) >z 1 (li, 1), so the vector (Ri(l3,1—), .., Rn(l3,1_;)) is just a convex combina-

tion of (n — 1) vectors that are permutations of the vector (Ry(l;,1—;), .., Rn(l;,1—;)) and

where in each of this permutations the image of ¢ is <. Symmetry and concavity of f

"See Bevid and Corchén (2003) for more examples of sharing rules satisfying these assumptions.

11



implies that f(Rl(Zi, 1-3)y e Rn(ii, 1-1)) > f(R1(l;,1—;), .., Rn(l;,1—;)), which implies that
mi(lis 1) < mils,1_;). ™

In the last section we proved that if M < n — 1, the necessary condition for no
sabotage holds. Notice that, given our assumption on the individual’s input, M = K.
The next Proposition shows that if K < n —1 and A1 and A2 hold, zero sabotage is
a Nash equilibrium. The intuition is that since the damage that agents can inflict on

each other is small, sabotage does not pay off.

Proposition 1. Assume Al, A2, and K <n —1. Then l;; =0 for all i,j € {1,..,n} is

a Nash equilibrium.

Proof. Let us see that if [_; = 0, the best response for agent i is [; = 0. Because of
the previous Lemma, if we prove that for all j # i, %ﬁ;’o) <0 foralll; = (l,...,1), then
l; = 0 is a best response for this agent. Let Ré- = R;(1;,0) = T — Kl, Rl = R;(1;,0) =
T —(n—1)I,and let R' = (R}, .., R.). To see that %ﬁjﬁo) <0, it is enough to show that

dsi(R) OR;(1;,0) . 0si(R') ORi(li, 0) _
OR; Olij OR; ol —

0. (4.1)

OR;(1;,0)

Since o, = —K, and %Z’O) = —1, we have to prove that

(R (Pl
Osi(R") n Kﬁsl(R )

> 0.
OR; ORj -

Notice that for all vectors I; = (I,..,1) and because K < n — 1, R;(l;,0) < R;(l;,0) for
all j # i. By Assumption A2,

dsi(RY B 831’(Ré;2?:1 Ré) 33(357341)
OR; OR;

= 8y s

where y! = Z?Zl Ré. Furthermore,

88(R§,yl) < 83(R§-,yl) _ 8Sj(R§-,Z?:1 Ré) _ 83j<Rl)
oy B Ay OR; OR;

12



Thus,
881'(Rl) aSi<Rl) 881' (Rl) 85]- (RZ)
> .
OR; t+E aRj - OR; +K OR;

l l . l
Since > p_; sk = 1, then Y ), 8557](%3) = 0. Furthermore, we know that 8551(%3 ) = 6351(5 )

for all j, k # 4. Therefore,

Jsi(RY ds;(RY) B
OR. +(n—-1) R, = 0.
Since K <n —1,
8si(Rl) 8Sj (Rl) aSZ(Rl) 88]' (Rl)
> _
OR; K OR; — OR; + (n 1) OR; 0,

as we wanted to prove. W

The previous equilibrium is not always unique. If n—1 > K > 1, there are, at least,
two kinds of Nash equilibria additional to that with no sabotage:
I) In the first kind, no positive output is produced. This equilibrium can be sustained
with the following strategies: For each 4, l;;41 = T ( modulo n) and [;; = 0 otherwise.
Clearly R;(l;,1—;) = 0 for all ¢. It is also clear that no agent can deviate profitably.
IT) In the second kind (only possible if n > 2), only one agent produces a positive input.
This equilibrium can be sustained with the following strategies: For each i # n, let
liit1 =T (modulo n — 1) and [l;; = 0 otherwise, l,; = 0 for all i. Clearly R;(l;,l—1) =0
for all i # n, and Ry (l;,1—;) > 0. It is also clear that no agent can deviate profitably.

However when K < 1, we can guarantee uniqueness of equilibrium.

Proposition 2. Assume Al, A2, and K < 1. Then l;; =0 for all i,j € {1,..,n} is the

unique Nash equilibrium.

Proof. The proof is left to the Appendix.
Let us now consider the case when the possibilities of destruction are large, i.e. K >

n— 1. In contrast with the previous case, the necessary condition is no longer sufficient.

13



For instance if in Example 1 we set n = 4,7 = 10,M = 5,a = 0.5,r = 1/3,p =1
the necessary condition holds, but in this case no sabotage is not an equilibrium: the
payoff of agent i in the point of zero sabotage is m;(0,0) = 0.854 but, for ; = (2,2,2),
mi(1;,0) = 0.992. So an increase in sabotage activities pays off.

The problem in this case is that the share of an agent can increase with sabotage,
contrary to what happened when K < n—1, (see 4.1). To guarantee that zero is a Nash
equilibrium this effect can not compensate the fall in output caused by sabotage. The

following assumption just formalizes this.

A3. For each agent ¢, and for [; = (I,..,1),0 <1< %, 1_; =0,

e

Osi(R) B _of(R) B
TToR; w(R) S oR; J(H) 42

where R, =T — (n—1)l, R, = T — K1, for all j # i, and R' = (R}, ..., R},).
Let us interpret this assumption. Recall that the necessary condition when M > n—1

is written as

Osi(R) B _Of(R) R (K+1(n-1)
OR; Si(R()) - OR; f(RO) K+1—n ’
L 0si(RY) R _9f(R") R (K1)
n—1 O0R; Si(RO) - OR; f(RO) K+1—n

0
By symmetry and anonymity and using > ;_; 885%? ) — 0, we obtain that

or

Of(R°) RY  9f(R") Rj
OR; f(R%) — OR; f(RO)

and

1 0s(R% RY  9s(R") R}
n—1 aRZ Si(RO)_ aR]’ Si(RO)

Hence the necessary condition can be written in terms of the elasticity of the share and

the production function with respect to R;, namely,

9si(R%) RY <af(RO) RY  (K+1)
~ OR; si(R%) — OR; f(ROK+1-n

14



Thus, A3 is similar to the necessary condition but stronger on two counts. On the one
hand it is evaluated not only in the point of zero sabotage but in all points described

above. On the other hand it is a little bit more restrictive since in A3 we do not have

(K+1)

the factor "o

. Therefore when A3 holds, the necessary condition holds as well.

It is easy to see that in Example 1, A3 evaluated in the point of no sabotage says
that o < r. However, when we evaluate inequality 4.2 in the other points required by
A3, the degree of substitutability plays a role. Notice first that, in this case

Of(R) R r(Rj)"
OR; f(R) ~ (Rhe+ (n— 1) (R

Differentiating with respect to p we obtain

In Ré —1In Ré-
(R + (R)yr(n = 1))

which is negative because in the points where the condition should be satisfied, Ré- < Ré.

—r(RY)P(RL)?

29

Therefore the larger p the more restrictive is the condition.

We are now prepared to state and prove our next result.

Proposition 3. Assume Al, A2, A3, and K > n—1. Thenl;; =0 for alli,j € {1,..,n}

is a Nash equilibrium.

Proof. Given [_; = 0, because of the previous Lemma, under assumption Al we

can restrict our attention to symmetric best responses. If we prove that all j # 4,
%Z’O) < 0 for all I; = (I,...,1), then [; = 0 is the best response for this agent. Let
RL = R;(1;,0) = T — Kl, R} = Ri(l;,0) = T — (n — 1)I, and let R' = (R},.., R}). We
know that

omi(1;,0)

_8S¢(Rl)K B dsi(RY
8l,~j

SR . Of(R)
OR; OR;

) + si(RH( R, OR;

= f(R)(

)

Since K > n — 1, and A2 holds —a‘gg_tl)K — 8555%31) > 0. So in this case, the share
J 0

of an agent increase with the sabotage activity. However, under A3, this effect does

15



not compensate the decrease in the total production due to the sabotage. By A3,
f(Rl)(—%PfZ)K)—G— si(RZ)(—%Igl)K) < 0, and since all the other terms that appear in
the above expression are negative, %ﬁ;,o) < 0, as we wanted to prove. B

Our final example shows that starting with a situation where there is a Nash equi-

librium without sabotage, an increase in the degree of substitutability not only causes

the sufficient condition to fail but also causes the previous equilibrium to cease to exist.

Example 2. Consider again Example 1 with n = 4, T = 10, K = 9 and r = % In

. But, the degree of substitutability plays a

Ut

this case, the necessary condition is a <
role in the existence of a Nash equilibrium without sabotage. In particular, if p = —1,
the sufficient condition is o < % Then, if a = % zero sabotage is an equilibrium.
However, for this degree of meritocracy, if p = 1 zero sabotage is not an equilibrium

because 7;(0,0) = 1.5811, and for l; = (1.1,1.1,1.1), m;(l;,0) = 1.5969. So an increase

in sabotage activities pays off.

5. Conclusion

In this paper we have presented a model where agents can sabotage other agent’s
inputs in the framework of cooperative production and we have shown necessary and
sufficient conditions to avoid sabotage in a Nash equilibrium. Possible extensions of our
work include repeated interaction, agents with different productivities and the consid-
eration of other forms of antisocial behavior like giving information that could destroy
part of the input or stealing the input of other agents.® Let us comment briefly on the
extensions that we think are more challenging.

1. More General Sharing Rules: We may consider more general sharing rules

of the form s;(R1, .., Ry) = s(R;i, > p_; 9(Rk)) where g is a non decreasing and concave

8 Another possibility is to consider that agents can devote part of their time to preventing sabotage

by others.
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function. This would allow for sharing rules like s;(Ry, .., R,) = % , A €[0,1].
Unfortunately, the sufficient conditions considered in this paper for preventing the ex-
istence of an equilibrium with sabotage do not work in this case. For instance,when
K < 1, there might be equilibria with and without sabotage (see Bevid and Corchén
(2003), Example 1) and, in some cases, even if K < n— 1, only equilibria with sabotage
exists (see Bevid and Corchén (2003), Example 2).

2. Variable Working Time: As we remarked in the Introduction we assume that
the length of the working time is exogenously given. This assumption is motivated by
simplicity and also it is well suited to study certain cases. However the case where
each member of the cooperative individually decides the length of her working time is
also relevant. How different is this case from the case analyzed in this paper? Clearly,
the necessary condition for no sabotage still holds, because any working time has to
be distributed optimally between productive and sabotage activities. But in this new
framework no sabotage is not necessarily a socially optimal choice: For instance, egal-
itarian methods do not encourage effort because an agent effort yields benefits to all
agents. In this situation it might be that sharing rules that do not encourage sabotage
also do not encourage a high level of effort. Therefore, social optimality may require
choosing a sharing rule which encourages both effort and sabotage. Thus a model with
a variable working time requires a considerable departure from the methods developed
in this paper.

Summing up, in this paper we have studied a model of cooperative production and we
have shown that an organization populated by rational agents might be self-destructive.
In broad terms we might summarize our findings as follows. When the possibilities
of destruction are small in relation to the number of agents (i.e. K < n — 1), all
sharing rules satisfying two mild conditions yield a Nash equilibrium with no sabotage

(Proposition 1). Under an additional condition this equilibrium is unique (Proposition
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2). However, when the possibilities of destruction are not small (i.e. K > n — 1),
the degree of meritocracy that is compatible with the absence of sabotage depends
negatively on the degrees of congestion and substitutability (A3). These findings can
be used for the design of compensation systems and in organizing productive activities

to avoid sabotage.
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6. Appendix.

Proof of Proposition 2.
Suppose we have an equilibrium with positive sabotage, (I1, ..., I,), and let RS = (Ry(l;,1_;), ..., Rn(li,1_5)).
Then,
Step 1. There is at least one agent ¢ such that E?:L ki lj; <T.
Suppose that for all agent 4, 327, ., j; > T. Then, if we sum for all agents, >, > ;; lji >
nT’, but this is impossible since, because of the time constraint, for all j, ZLL%’ £ lj; <T.
Step 2. There is at least one agent i such that R;(l;,1—;) > 0.
Suppose that, for all agent j , R;(l;,{—;) = 0. Then 7;(l;,l—;) = 0 for all j. By Step
1 we know that there is an agent ¢ such that Z}Ll,j;ﬁi ljj < T. Since K < 1, and
R;(l;,1—;) = 0, the amount of time devoted to sabotage activities by this agent i should
be strictly positive. But this can not be an equilibrium. If this agent reduces her sab-
otage activities, the total output will be positive and her input positive. Consequently,
she will get a positive amount. Therefore, she will be better off.
Step 3. There are at least two agents, ¢ and j, such that R;(l;,1—;) # R;(li, ;).

Suppose on the contrary that for all 4, and j, R;(l;,i—;) = R;(l;;l—;). By the
anonymity condition, m;(l;,1—;) = L f(R1(l;,1-;), .., Ru(li,1—;)). Suppose agent i reduces
her sabotage activity to zero, let [; = 0. Since K < 1, Ri(l},l,i) > Rj(l;,l,i) for all
j #i. Thus, mi(li, 1) > L F(R1(li, 1), o Ru(li 1)) >

Lf(Ri(l;,125), .., Ry(li, 1)), which implies that agent i is better off.
Step 4. If Ri(l;,1-;) < Rg(l;,1—;), and T — sz# lj; > 0, then [;, = 0.
Suppose on the contrary that l;z > 0. Let us see that this can not be an equilibrium
because the share of this agent is decreasing with [;;. That is,

881(RS) i K@si(RS)

(=D OR. Ry J<o0.
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Since Si(RS) = S(Ri(li, l_i),y(li, l_z)) with y(li, l_i) = Zj Rj(li,l_i), we have that:

dsi(R%) _ 9s(Ri(li,1-i),y(li,1-0))
ORy, Ay ’

Since R;(l;,1—;) < Ry(l;,1—;) and 828856(505;’) < 0 we get the following:

88(Ri(li,l_i),y(li,l_i)) > Gs(Rk(li,l_i),y(li,l_i)) _ 8sk(RS)'

oy - oy -~ OR;
Thus,
882'(RS) 8S¢(RS) 881'(RS) 88k(RS)
_ < (— .
( 1)[ OR; K OR;. ] - ( 1)[ OR; K OR; ]
Since Z?Zl sj(R,..,Ry) =1, then Z?:l %}SS) = 0, therefore,
8si(R5) 88k(RS) _ Z 8sj(RS) > 0.
8Ri 8RZ‘ L aRi o
J#FLIFk

which, since K < 1, implies that

dsi(R%) dsi(RS)
or, N Tom,

Step 5. Suppose, without loss of generality, that Ry(l;, ;) < .... < Rp(l;,1—;), with at

dsi(R%) &sk(RS)] <o

(_1)[ OR; OR; B

< (=Dl

least a strict inequality because of Step 3. If Ry (l;,1—;) < R;(l;,1—;), T— K Z#i i > 0,
, and i # n, then [;; = 0.

Notice first that if T — Z#k lj — KZ#k Lir < 0, L > 0 can not be an equilibrium,
because agent ¢ can decrease the time dedicated to sabotaging agent k& without affecting
the input of agent k but increasing her input, which implies that she will be better off.
IfT— Z#k lj — sz#k ljr > 0, let us see that [;; > 0 can not be an equilibrium
because the share of this agent is decreasing with l;;. That is,

S; s S; S
() 2l

] <0

Since s;(R%) = s(Ri(li, 1), y(li,1—;)) with y(l;,1_;) = > Rj(li,1-;), we have that:

0si(R%)  0s(Ri(liy1-),y(li,1-4))

8Rk 8y
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Since i # n, R;(li,1—;) < Ry(l;,1—;) and 626%%;’) < 0 we get the following:

Os(Ri(li, 1-3),y(li, 1)) N 0s(Rp(lis1—),y(liy 1)) 9sn(R%)
oy - oy - OR;

As was shown in Step 4,

Osi(R%) | 9su(R%) _ > ds;(R5)

——— > 0.
8Ri 8Ri aRi o

J#ii#n
which, since K < 1, implies that

si(R® sn(R® si(R%) | 9sn(R®
O R L EU

Step 7. For all agent 4, T'— K 3, ,;1;; > 0.

Suppose on the contrary that there are k agents such that T'— K Z#i l;; < 0. Suppose
that these agents are the first k£ agents. By Step 5, these agents do not suffer sabotage
from agents k 4+ 1 to n. Thus T'— K 2521,#1' lj <0 forall i =1,...,k. Adding these
inequalities for ¢ = 1,..,k, we get: kT — KZle Z?Zl,j# l;; < 0. But, by the time
constraint Zle’i# l; <T,and since K < 1, kT — K Y% | Z?Zl’j# Lji > 0.

Step 8. There is not an equilibrium with positive sabotage. By the previous steps,
we know that for all 7 # n, and for all j, [;; = 0. Thus, if there is an equilibrium with
positive sabotage, only agent n is using part of her time in sabotage activities. But
since K < 1, and Ry, (l;,1—;) > R;(l;,1_;) for all i, the productive activities of agent n is

larger than the productive activities of any of the other agents, which implies that we

can not get an equilibrium with positive sabotage. W
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