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Abstract

We consider a collection of problems where a group of individuals must
choose an interval, e.g., a range of values for a policy, a time frame to
deliver a service, a location and size for a facility. We study the existence
of strategy-proof voting procedures in that context. Our main character-
ization result depends crucially on the number of choices that voters are
presented with. This allows us to remark that controlling for the number
of alternatives can be a determinant tool for a designer. In our context,
there is a choice of alternative voting procedures when the range is con-
strained to be small, while unanimity remains as the only possibility in
contexts where agents are a priori given more choices.
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1 Introduction

Consider the following social choice problems. (i) A Central Bank has set up a
committee to decide on which range to let the value of the currency float without
interventions. The policy space is divided in different nonoverlapping intervals,
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and the committee members vote over these different ranges. (ii) Based on the
votes of individuals over possible intervals, a municipal board must decide on
the location and size of a hospital. This is modeled by the number and location
of plots to be appropriated, each of which is represented by an interval on the
line. (iii) A municipal board must regulate the night clubs’ opening and closing
hours. All of these problems have the same structure: a group of voters must
choose intervals whose union must also be an interval. This paper deals with
this kind of problems. In particular, we look for strategy-proof voting proce-
dures that choose intervals'.

Finding strategy-proof voting procedures is not a trivial problem. Moreover,
it is impossible to achieve this aim if any preference domain is considered (see
Gibbard (1973) and Satterthwaite (1975)). Therefore, we restrict individuals’
preferences in the following way: whenever an individual adds to a set of inter-
vals, an "acceptable" interval, then this individual prefers this new set to the
former one. In this way, we rule out interaction effects among intervals. Given
this assumption, we know that if a strategy-proof voting procedure exists, then
this must be in the class of voting by committees (Barbera et al. (1991)). A
voting procedure in this class works as is voters were asked to vote for each of
the nonoverlapping intervals sequentially.

However, not any voting procedure in the class of voting by committees al-
ways chooses an interval. To get a feeling for the kind of difficulties we will face
and also of our suggested ways out, consider the following example. A municipal
board, composed by individuals 1, 2 and 3, must regulate the night clubs’ open-
ing and closing hours. The night, i.e. the range of time from 11 p.m to 6 a.m., is
divided in three intervals: a; (11 p.m. to 1 a.m.), as (1 a.m. to 3 a.m.) and ag
(3 a.m. to 6 a.m.). Individuals’ preferences are defined over the family of all the
subsets of the set of intervals, where the empty set is interpreted as the situation
where the night clubs must remain closed. Consider the preferences presented
in table 1. For instance, for individual 1 the most preferred alternative is to
allow the night clubs to be open all night (i.e. the set {a1,a2,as}), and this is
preferred to {as, a3}, which is preferred to {aj,as}, and so on. Assume that
the community uses the procedure of voting by quota 2, that is, an interval is
chosen if at least two individuals vote for it?. Notice that, under this procedure
the individuals will end up choosing the alternative {a1, a3} that is not feasible,
since it is not an interval. So here we have an example where a well known
strategy-proof voting procedure fails to attain a feasible result. In this case,
we could have guaranteed a satisfactory outcome by the following procedure:
consider a voting procedure that requires quota 2 for the intervals a; and as,
and quota 1 for the interval ag; then the chosen alternative is {a1, as, az}, which

LA voting procedure that is not manipulable, i.e. there is no individual that has incentives
to misrepresent her preferences when submitting her vote, is called strategy-proof.

2For the sake of the presentation, we are going to provide the formal definition later on.
Just for reference, let us point out that voting by quota is a particular kind of voting by
committees.



is an interval®.

In this paper, we examine the structure of domains and ranges that will let
us design voting procedures that are strategy-proof and that always choose an
interval’. We consider the following domains of preferences: additive prefer-
ences and separable preferences with intervals in the tops. In order to attain
these characterizations we rely on previous results from the literature on voting
by committees under constraints (in particular, we rely on Barbera et al. (1997
and 2005); but see e.g.: Barbera et al. (1991 and 1998), Le Breton and Sen
(1999), and Nehring and Puppe (2007)). We obtained two types of results: first
a negative result and then a positive result. Since additive preferences are a sub-
set of separable preferences, we use additive preferences for negative results and
separable preferences for positive results. In this way, our results gain strength.

Table 1.

Individual 1

Individual 2

Individual 3

{a1,a2,a3} {as} {a1}
{az, as} 0 1]
{a1,a2} {az, a3} {a1,a2}
{(117(13} {a1,a3} {alaai’)}

{as} {a1,a2,a3} | {ai,a2,a3}

{as}

{az2}

{az}

{a1}

{as}

{a1}
0

{01,02}

{az, a3}

Our negative result shows that only dictatorial rules are strategy-proof when
restricting the domain to additive preferences. On the other hand, the class
of strategy-proof voting procedures that ensures an interval as an outcome is
richer assuming separable preferences with intervals in the tops. Indeed, from
the technical point of view, this paper is mainly a nontrivial application of pre-
vious results found in the literature of voting under constraints. However, the
context of this paper, allows us to remark that the main characterization re-
sult depends crucially on the number of choices that voters are presented with.
Specifically, our positive result indicates that a particular class of strategy-proof
voting procedures enlarges when there are few alternatives. This is an appealing
conclusion, because it draws attention to the design of the voting procedures; in
the sense, that the number of alternatives that we put into consideration may
affect the number of strategy-proof voting procedures that we could implement.
This might be a central issue if the designer would like to have some freedom

3Voting by quota 1 means that under this voting procedure an interval is chosen if at least
one individual votes for it.

40f course, there may be other significant restrictions when a group of individuals is trying
to choose an interval, like imposing that the length of the chosen interval should not exceed
a certain value. However, adding other restrictions would almost surely lead us to negative
results.



when choosing among different voting procedures.

The paper is organized as follows. In section 2, we introduce the notation
and some basic definitions. In section 3, we present a negative and a positive
result. In section 4, we characterize the class of voting by quota that always
chooses an interval. In section 5, we state some conclusions.

2 Notation and Basic Definitions

Consider a set of n voters N, with n greater than or equal to 2 (#N =n > 2).
Given an interval [0, H], H > 0, let K be a finite partition in k subintervals
of [0, H], with & > 2.5 We denote by a1, as, ..., ar the elements of K, with the
subindices respecting the natural order given by the position of each interval in
the real line. Generic elements of K will be denoted by a;, a,, and a,. Alterna-
tives are subsets of K and are denoted by A, B,C,D,A’, B’,C’, D', A”, and so

on®.

In this paper, we are going to pay special attention to those alternatives that
are intervals. The following definition identifies this type of alternatives.

Definition 1 An alternative A € 2¥X is an interval if A= 0 orif for alla;, an, €
A satisfying 1 <1 < m < k we have that ag € A for all g such thatl < q < m.

We denote by C the class of all alternatives that are intervals.

Each voter i has a complete, transitive and asymmetric preference relation
on 2% denoted by P;. Let P; be the class of all possible P;, and a generic P; is
denoted by P (likewise, P denotes a generic preference relation). Although, our
focus is on voting procedures that choose an interval, there might be voters that
still prefer alternatives that are not an interval rather than an interval. That is
why we consider this general setting, because we want individuals to be able to
rank any possible set of alternatives. Nevertheless, even if there is a group of
voters with this characteristic, we only consider voting procedures such that the
only information that is taken into account from a voter’s preference relation is
her most preferred interval. In this section, we argue why this is crucial. On the
other hand, in the next section we restrict to preferences that have intervals in
their top and we show the importance of this assumption for obtaining positive
results.

SWhen k < 2, any set of subintervals is going to be itself an interval. That’s why we
discard those trivial cases.

61t is worth to mention that, there exists an alternative way of presenting this set of alter-
natives. We can reformulate the model such that each alternative is a vertex of an hypercube.
In this framework, individuals vote over these vertexes, but those vertexes that represent in-
tervals are the ones that receive special attention (for this geometrical reformulation see e.g.:
Aswal et al. (2003) and Barbera et al. (1997 and 2005)).



A preference profile P" is a n-tuple of preference relations, and the class
of all possible preference profiles P" is defined by P"” = X;cnP;. A voting
procedure is a function f : P" — 2%, Since we are interested in those voting
procedures that select an interval, we need to define the range of this class of
voting procedures. The range of the voting procedure f is denoted by Ry, and
is defined by Ry = {A € 2K | there exists P" € P™ such that f(P") = A}.

Notice, that we study voting procedures whose ranges contain only intervals.
On top of that, we would like to have a property that ensures that any interval
belongs to the range of this type of voting procedures. This property is desirable
because, if an interval never arises from a voting procedure, then this can be
interpreted as an extra constraint. In this sense, we say that a voting procedure
satisfies voter sovereignty on C C 2K if, for each A € C, there exists P € P"
such that f(P™) = A. The following definition presents our main object of
study.

Definition 2 A voting procedure, f : P" — 2K is satisfactory if it respects
voter’s sovereignty on C, and for all A € Ry, we have that A is an interval.

We can interpret this restriction on a voting procedure as: 2% representing
the class of conceivable alternatives and C representing the class of the feasi-
ble ones. In this sense, we say that a voting procedure respects feasibility if it
always chooses an interval. In the rest of this section, we present some stan-
dard concepts of the voting by committees literature and also the concept of
strategy-proofness.

Informally, a voting procedure is voting by committees if and only if we can
define winning coalitions of voters for each interval in K, such that, an interval is
chosen if a winning coalition votes for it. We now proceed formally. A committee
is a pair C = (N, W), where W is a nonempty family of nonempty coalitions
of N. This W satisfies coalition monotonicity: if W € W and W C W', then
W’ € W. We say that coalitions in W are winning. W € W is a minimal
winning coalition if and only if W’ C W implies W’ ¢ W (W' C W means
W' C W and W’ # W). Let 7¢(P) denote the maximal element of C C 2X
according to the preference relation P. We consider a generic C C 2%, because
sometimes we will take C = 2% and in other parts of the paper we will specify

C=C.

Definition 3 Given C C 2K, a wvoting procedure f : P — 2K is voting by
committees with focus on C, if for each a; € K, there exists a committee C,, =
(N, W,,) such that: for all profiles P™ € P", a; € f(P™) if and only if {i € N
| @y € To(P)} € W, -

Definition 4 Given C C 2%, a wvoting procedure f : P" — 2K is dictatorial
with focus on C, if there exists an t € N such that: for all profiles P™ € P™ and
all oy € K, a; € f(P™) if and only if a; € 75(P;).



Notice one important feature of Definition 3. An element q; is going to be
elected if and only if, for each of the voters of a winning coalition for a;, a;
belongs to the top of the voter’s preference on C (a; € 7¢(P;)). In other words,
a voting procedure in the class of voting by committees with focus on C does
not take into account the preferences’ unrestricted tops, instead it considers the
preferences’ tops restricted to C. This is important because if this restriction is
not made, even the dictatorial procedure may produce results that are not an
interval. On the other hand, a voting procedure that is dictatorial with focus
on C always choose an interval, even if the dictator has preferences with a top
that is not an interval.

In order to escape from manipulability, we introduce the notion of strategy-
proofness relative to a specific domain of preferences. By the Gibbard-Satterthwaite
theorem (Gibbard (1973) and Satterthwaite (1975)), we know that voting by
committees is manipulable on P. Since we are interested in those domains
on which the voting procedure turns out to be strategy-proof, we introduce a
generic subset of P that we will denote by P. P defines the following domain
restriction P" = Xie NP where P P etc., are elements of ’P And in order
to stress the preference relation of a Voter K 6 N, we denote a particular profile
of P by [P ,,R]; where P_; € P_; and P_; = x JEN\{i }73

Definition 5 A voting procedure, f : P" — 2K, is manipulable on P at any
P* € P™ by any i € N wvia any P} € P; if f([P-i, P/))Pf(P™). A voting
procedure f is strategy-proof on P if it is not manipulable on P.

This definition allows us to consider different domains. We are going to
concentrate on domains that guarantees strategy-proofness. In particular, we
are going to consider separable preferences and additive preferences.

Definition 6 A preference relation P on 25X is separable if for all A € 25 and
alla; ¢ A (a; € K), AU{a;}PA if and only if {a;} P0.

The set of separable preferences will be denoted by P* . Let PS be the
set of separable preferences with intervals in the top, i.e. P ={P cPY|
Tox (P) € C}; and (PY)" = x;enP?.

Definition 7 A preference relation P on 25 is additive if there exists a function
u: K — R such that for all AJB C K, A P B if and only if Z u(a;) >

a €A
Z w(am,).

am€B

The set of additive preferences will be denoted by P4, and (P4)" = x;enPA.
As we mentioned in the introduction, in order to obtain stronger results we con-
sider additive preferences for the negative ones and separable preferences for the
positive ones. In the next section, we present these findings.



3 Two Characterization Results

Let us first summarize the main ideas of the paper. We look for strategy-proof
voting procedures that always choose an interval. In order to attain this aim,
we consider separable preferences as an interesting domain restriction. Under
this assumption, there is a loss of generality, since we rule out the existence
of interaction effects between intervals; but we know that under this domain
of preferences, strategy-proof voting procedures exist. Moreover, we know that
these voting procedures are of the class of voting by committees (Barbera et al.
(1991)). Nevertheless, this strategy does not guarantee that the voting proce-
dure always selects an interval. Hence, we consider voting by committees with
focus on C instead of voting by committees with focus on 2%. As we mentioned
earlier, if we do not do that, even a dictatorial voting procedure might not sat-
isfy feasibility. However, in this section we argue that even with this restriction
on the voting procedures, the choice made may fail to be an interval. Therefore,
we present a class of voting by committees with focus on C called "coordinated",
that "coordinates" the votes of voters, in the sense that we define in this sec-
tion, in order to ensure feasible results. Assuming preferences with intervals in
the tops, our positive result (Theorem 2) shows that the only strategy-proof
voting procedures that are satisfactory are the "coordinated" ones. On top of
that, Proposition 3 shows that, for a class of "coordinated" voting procedure,
there is a choice of alternative voting procedures when the range is constrained
to be small, while only one remains as the only possibility in contexts where
agents are a priori given more choices. On the other hand, Proposition 2 and
Theorem 1 show why it is necessary to assume preferences with intervals in
the tops. Proposition 2 and Theorem 1 show that, even considering "coordi-
nated" voting procedures and assuming additive preferences, only dictatorial
voting procedures with focus on C are strategy-proof and satisfactory. These
findings illustrate that some voters may want to manipulate a "coordinated"
voting procedure, since only preferences’ tops restricted to feasible alternatives
are taken into account by this class of voting procedures, and these might not
be the voters’ unrestricted tops (see Example 1).

Our introductory example (Section 1) shows that with additive preferences,
well known strategy-proof voting procedures may fail to satisfy the feasibility
restriction. Moreover, in this example unfeasible results were obtained even
when each of the voters had preferences with an interval in the top. In order
to obtain a feasible outcome, the voting procedure must "coordinate" the votes
in order to rule out unwanted results. Thus, first we are going to define a
coordinated voting procedure; but before that let us first introduce the following
definition.

Definition 8 Two nonempty families of nonempty winning coalitions, YW and
W', are mutually exclusive if and only if W € W implies N\W ¢ W and
W e W' implies N\W ¢ W.



In other words, this definition says that: two nonempty families of nonempty
winning coalitions are mutually exclusive if, their corresponding minimal win-
ning coalitions have at least one voter in common. This definition is useful to
define a voting procedure that ensures feasibility. The reason for this is the fol-
lowing: a procedure that guarantees feasibility must enforce that whenever two
disconnected intervals are chosen, then all the intervals that are in the middle
of these two must also be chosen. Let us denote by Wé‘l/[ the nonempty family
of minimal winning coalitions for a;, 1 <1 < k.

Definition 9 Let f : P" — 2K be a voting by committees with focus on C,
then f is coordinated if the following two conditions are satisfied:

(D9.1) Wy, and W, are mutually exclusive.

(D9.2) (i) For k = 3: for each pair (W,,,Wa,), where Wy, € WM and
Was € Wé\g, there is W € Wé\g and W C Wy, N W,. (i) For k > 3: given

W C n win N Wi, W is the unique minimal winning coalition
wewa! wewlt

for each a;, where 1 <1 < k.
Proposition 1 If f : P" — 25 is coordinated then f is satisfactory.

Notice that proposition 1 applies to all preferences, since voting procedures
that are coordinated are voting by committees with focus on C. The proof of
this proposition is straightforward, since a coordinated voting procedure is a
particular case of a voting procedure satisfying the intersection property pro-
posed by Barbera et al. (1997); and is also a particular case of the intersection
property by Nehring and Puppe (2007).

3.1 Additive Preferences

Proposition 2 A woting procedure, f : (P4)" — 25 is coordinated and strat-
eqy proof on P4 if it is dictatorial with focus on C.

Let us illustrate this with an example (example 1). But first, we need to
introduce the formal definition of voting by quota.

Definition 10 A wvoting procedure, f : P™ — 2%, is voting by quota if there
exists Qq, between 1 and #N for each a; such that for all profiles P" € P™, we
have a; € f(P™) if and only if #{i | a1 € T¢(P)} > Qa,-

A particular case of voting by quota is unanimity, that is a voting by quota
such that @),, = n for all aq; € K. Notice that, if we consider unanimity then
automatically (D9.1) and (D9.2) are satisfied. Thus, unanimity is a coordinated
voting procedure.



Example 1 Consider K = {a1, as, a3}, three voters (1, 2 and 3), the feasible
alternatives are the intervals and f is the unanimity voting procedure. The
preferences of voters 1, 2 and 3 are additive preferences such that: Tox (Pa) =
Tox (P3) = az and {ay,a3}Pi{a1}P1{as} Pi0Pi{a1,as,a3}. This is manipulable
because if voter 1 reports Py then f(Pi, Py, Ps) = 0; and if voter 1 reports P,
which is an additive preference such that Tox (P]) = as, then f(P], Ps, P3) = as.

The previous example shows why proposition 2 is valid. Although, proposi-
tion 2 is implied by our main impossibility result, which is Theorem 1.

Theorem 1 A voting procedure, f : (PA)* — 2K is satisfactory and strategy-
proof on P4 if and only if it is a dictatorial with focus on C.

This result is a particular case of a theorem stated by Barbera et al. (2005)
(see appendix A). In appendix B, we provide a proof of this theorem in order to
illustrate the connection of our result with that of Barbera et al. Basically, the
proof shows that given our special constraint, we can not decompose the range
of the voting procedure into rules that choose in each dimension of a Cartesian
product (this idea dates back to the work of Border and Jordan (1983)). In
other words, in any possible decomposition of the range we found that if we
let the voters to vote in each dimension of a Cartesian product then we obtain
results that are not feasible or there are alternatives that are feasible but they
can not be chosen.

3.2 Separable Preferences

Example 1 points out one important aspect of the formulation of our problem.
It is the fact that the voting procedure considers preferences’ tops restricted
to intervals, what induces voter 1 to manipulate. Therefore, in order to ob-
tain a possibility result, we need to introduce a new domain restriction where
preferences have intervals in the top.

Theorem 2 A voting procedure, f : (P9 — 2K | is satisfactory and strategy-
proof on P° if and only if it is coordinated.

This theorem derives from the results presented in Barbera et al. (1997),
and in Nehring and Puppe (2007). The proof is in appendix C. This theorem
provides a collection of voting procedures that are strategy-proof when prefer-
ences are separable with intervals in the top. In the next section, we provide
a particular application of this result; we characterize the class of anonymous
voting by committees, which is voting by quota, when preferences are separable
with intervals in the top.



4 Voting by Quota

The following examples illustrate the ideas that we are going to present in
Proposition 3, which is a corollary of Theorem 2.

Example 2 Consider k = 3 and f wvoting by quota. Notice, that the only
alternative that is not an interval is {a1,as}, so if a; and as are chosen then
we need to guarantee that as is also chosen in order to obtain an interval.
This can be achieved if we make certain that (D9.1) and (D9.2) are satisfied.
Notice, that this is the case if the following conditions on quotas are satisfied:
the sum of the quotas of a1 and az must be greater than the cardinality of N
(this guarantees(D9.1)); and the quota for as must not be greater than the sum
of the quotas of a1 and as, minus the cardinality of N (this ensures (D9.2)).

Example 3 Consider k = 4 and f voting by quota. In this case, the only way
to obtain an interval from the voting procedure, is requiring that the quotas of
a1 and a4 to be equal to the cardinality of N, and any quota for as and az. Not
requiring unanimity for a1 or aq will lead us to sets that are not intervals. For
instance, assume that the quotas of a1 and a4 are equal to #N — 1. Then if we
require that the quotas of as and as to be equal to 1, it is easy to find profiles
such that the voting procedure choose a set that is not an interval; e.g. #N — 1
voters have in the top of their preferences the set {a1} and the other voter has
the set {as}.

Notice that, when k is greater than 4, unanimity is the only possible vot-
ing by quota that guarantees that the outcome of the voting procedure is an
interval. In order to illustrate this idea, consider k = 5. If £k = 5 then there
are three intervals that are not in the extremes of the line, they are as, a3 and
ays. Requiring a quota equal to n for the extremes (i.e. for a; and a;), as we
have done in the previous example, and any quota less than n for the rest of the
elements of K, does not guarantee feasibility. Since it is easy to find preferences
such that, for instance, {as, a4} is chosen. Moreover, requiring quotas equal to n
for all the elements of K, except for example quota 1 for ag, does not ensure an
interval as an outcome of the voting procedure. Therefore, when the cardinality
of K is greater than four, the existence of at least three elements that are not
in the extremes of the line introduces many possible infeasibilities that can not
be ruled out by voting by quotas, except in case of unanimity.

Proposition 3 A voting by quota, f : (P°)" — 2K is a satisfactory voting
procedure and is strategy proof on P° if and only if it satisfies one of the fol-
lowing conditions:

(PS’]) If k=3 then Qqy + Quy > #N and Qq, < [Qm + Qae,] — #N.

(P3.2) If k = 4 then Qu, = Qu, = #N and Qq, = Qu, < #N.

(P3.3) If k > 5 then Qq, = #N for all a; € K.

10



Since this result derives from theorem 2, we skip the proof. As we illustrated
in our previous examples: (P3.1), (P3.2) and (P3.3) guarantee that (D9.1) and
(D9.2) are satisfied. Unanimity is a special case in (P3.1) and in (P3.2), and
is the unique voting procedure in (P3.3). Hence, this characterization result
depends crucially on the number of choices that voters are presented with. This
result shows that, there is a choice of alternative voting procedures when the
range is constrained to be small, while unanimity rule remains as the only pos-
sibility in contexts where agents are a priori given more choices. Therefore,
controlling for the number of alternatives can be a determinant tool for a de-
signer.

5 Conclusions

We started this paper showing that there are many situations where a group of
voters has to choose intervals, whose union must also be an interval. We mod-
elled those situations as a voting procedure, where voters are asked to vote for
sets of intervals, restricting the outcomes to intervals. In this paper, we study
the existence of strategy-proof voting procedures in that context.

We obtained two kind of results: an impossibility result and a possibility
result. The impossibility theorem shows that only dictatorial rules are strategy-
proof when the domain is restricted to additive preferences. On the other hand,
the possibility theorem characterizes a collection of strategy-proof voting pro-
cedures that choose intervals. The latter finding is under the assumption that
preferences are separable with intervals in the tops, and that voting procedures
coordinate the actions of the voters to enforce feasibility.

We also characterize a class of strategy-proof and anonymous voting proce-
dures that only chooses intervals, i.e. voting by quota. In particular, we find
that quotas must satisfy certain conditions in order to ensure a feasible result.
These conditions imply that when the number of alternatives increases, the class
of voting by quota that respects feasibility shrinks. That is, unanimity is the
only voting by quota that respects feasibility when more than four nonoverlap-
ping intervals are presented to the voters. This is important for many reasons.
First, unanimity is a rule used in many societies. Hence, this provides a justifi-
cation for the use of this rule. Second, this result draws attention to the design
of the voting procedure. In case the designer would like to choose between alter-
native voting procedures, then our result implies that few alternatives need to
be considered for voting. Finally, in case that the designer wants to give some
power to minorities, in the sense that few voters could impose a result (this
could be done by requiring a quota different from the total number of voters for
a given interval), then few choices must be presented to the voters.

11
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Appendix A. A Useful Result

Before presenting the Theorem, let us state some definitions that are used

in the statement of this result. The aim of the following definitions is to provide
a methodology to decompose the range of a voting scheme into a Cartesian
Product. First, consider the following notation: we denote by Ry the set of
chosen intervals, i.e. Ry = {a; € K | a; € A for some A € R}.

Definition 11 Given a voting procedure f : P* — 2K and A C Ry, the active
components of A are defined by AC(A) ={BNA| BeRs}"

"Notice that AC(A) is a function of f, but for simplicity, in the notation we suppress this
dependence.
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Example 4 Consider k = 3, so we have K = {aj,as,a3}, and [ a satis-
factory voting procedure. This defines the following set of feasible alternatives
{0,{a1},{a2},{as},{a1, a2}, {az, a3}, {a1,a2,a3}}. The active components of
the sets {a2} and {az,a3} are AC({a2}) = {0,{a2}}, and AC({az2,a3}) =
{@, {(1,2}7 {a3}a {a27 a3}}'

Definition 12 Given A C B C Ry the range complement of A relative to B is
defined byCJ?(A) ={CCRy\B|AUC e Ry}.

Example 5 (Continuation of Example 4) The range complement of the sets
{as} and {as, a3} relative to {as,as} are C}az’a?’}({ag}) = C}az’a?’}({ag,ag,}) =
{{ai}}

Definition 13 A C K is a section of Ry if for all active components B,C €
AC(A) we have C;‘(B) = C}“(C’).

Example 6 (Continuation of Fxample 4) Neither {as} nor {as,as} is a sec-

tion, since AC({az}) = {0, {a2}} and C[*}(0) = {{ar}, {as}} # C;"* ({az})
= {{a1},{as},{a1,a3}}; and since AC({az,as}) = {0,{az},{as},{as,as}} and
Ci (@) = € ({aa)) = €™ ({az, as}) # €1 ({as)).

Definition 14 A partition {A1,...,An} of Ry is a Cartesian decomposition of
Ry if for all g = 1,...,n, Ay is a section of Ry. A Cartesian decomposition is
called minimal of there is no finer Cartesian decomposition of Ry.

Example 7 (Continuation of Example 4) The partition {{a1,a2,a3}} is the
minimal Cartesian decomposition of Ry.

Now, we are in position to state the Theorem.

Theorem 3 (Barberd, et al. (2005) ) A wvoting procedure f : (PA)" — 2K is
strategy-proof if and only if it is voting by committees with focus on Ry and with
the following properties:

(T8.1) W,, and W,,, are equal for all a; and an, in the same active com-
ponent of any section with two active components in Ry’s minimal Cartesian
decomposition,

(T8.2) Wy, and W,,, are mutually exclusive for all a; and a, in different
active components of the same section in Ry ’s minimal Cartesian decomposition,
when there are only two active components in this section, and

(T3.3) Wy, is dictatorial with focus on Ry and equal for all a;’s in the same
section in Ry’s minimal Cartesian decomposition, when this section has more
than two active components.

Appendix B. Proof of Theorem 1

Proof. Consider a partition K = {ay, ...,a} of A with k > 2, and a satisfactory
voting procedure f : (P4)" — 2K,
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First, we are going to show that {aj,...,ar} is a section. Notice that,
AC({a1,...,ar}) = Ry and since Ry \ {a1,...,ax} = 0, then Cj{cal"“’ak}(A) is
the same for all A € Ry. Therefore, {as, ..., ax} is a section.

Second, we are going to prove that when k = 3, {a;, a2, a3} is the minimal
Cartesian decomposition of R¢. Consider any non empty A C K, such that
A # {a1,a3}. Notice that {a1,as} is a section and that ) € AC(A).Then, take
two intervals a; € Ry\ A and a,, € A. Then we have two cases: (i) if [|—m| =1,
then there exists a,, € R\ A such that |n—m| = 1 and a,, # a;, where {a;,a,} €
C#({am}) but {ar,an} ¢ CA(0); (i) and if [l —m| > 1, then {a;} € C{(D) but
{ai} ¢ C?({am}). Hence, A is not a section.

Finally, we are going to show that any non empty A C K is not a section
when k£ > 3. Consider two intervals a; € Ry \ A and a,, € A, such that |l —m| >
1. Notice that 0, {a,} € AC(A). Then {a;} € C;‘(@) but {a;} ¢ C;?({am}).
Hence, A is not a section.

Therefore, we have that {ay, ..., a} is the minimal Cartesian decomposition
of Ry, then by (T3.3) f: (PA)" — 2K is dictatorial. m

Appendix C. Proof of Theorem 2

Theorem 2 follows from Propositions 5 and 6 (below).

Proposition 4 (Barberd, et al. (1991) ) If a voting procedure f : (P%)" — 2K
is strategy-proof on P° and satisfies voter sovereignty on 2K if and only if f is
voting by committees with focus on 2.

In Proposition 4, we consider that f is voting by committees with focus
on 2K since in Barbera et al. (1991) voting by committees is defined such
that voters vote for their top alternative. From Proposition 4 we can derive
Proposition 5, since all the preferences used to prove Proposition 4 can be
restricted to preferences in P¥ without altering the rest of the proof (see Lemma
1 and Lemma 2 in Barbera et al. (1991)).

Proposition 5 If a voting procedure f : (P5)" — 2K is strategy-proof on P*
and satisfies voter sovereignty on 2 if and only if f is voting by committees
with focus on C.

Proposition 6 Let f : (P°)" — 25 be a voting by committees with focus on
C. Then, f is satisfactory if and only if f is coordinated.

Proof. First notice that, since f is voting by committees with focus on C, then
satisfies voter sovereignty on 2%: and in particular, satisfies voter sovereignty
on C.

Let’s start by proving that (D9.1) and (D9.2) are sufficient conditions.

Voter’s sovereignty on C implies that A € f(C"), for every A € C. We must
show that f(P") € C for every P" € PS.

Suppose that f satisfies (D9.1) and (D9.2), and assume that there exists
A ¢ C and P" € P? such that f(P") = A. Since f is voting by committees and

14



satisfies (D9.1) and (D9.2), then f is coordinated. A ¢ C implies that there
exists a; ¢ A such that: a,,a, € A and m <1 < n. By (D9.1) and (D9.2), we
know that W,, a minimal winning coalition for a;, satisfies W,, C W, NW, ;
where W, and W, are minimal winning coalitions for a,, and a,,, respectively.
Since T9x (P;) € C for each ¢ € N, and a,,, a, € A means that a,,, a, € Tox (P;)
for each i € W, , NW,, ; then W,, C W, NW, impliesthat a; € A,ie. A€C.
Contradiction.

The (D9.1) and (D9.2) are necessary conditions.

Suppose that f does not satisfy (D9.1) and (D9.2). We must show that
there exists P™ € PS such that f(P") ¢ C. Consider the case that f does not
satisfy (D9.1), i.e., there exists W,, a minimal winning for a; and there exists
W,, a minimal winning coalition for a, such that W,, N W,, = 0. Assume
that P € P? is such that: 7ok (P;) = {a;} for each i € W, Tox (P;) = {ax}
for each i € W,,, and W,, UW,, = N. Then, f(P") = {a1,ax} ¢ C (a similar
argument applies if (D9.2) is not satisfied). m
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